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2-4 Exact Equations

2-4-1 = % ehif 1

ix i» first order DE ¥ ¥ 2 g =
M (x,y)dx+N(x,y)dy =0 e A

L |8 B 3

D)% MOy =g NGy = 2 ps
¥ U A g en Exact Equation 07 2 K fF

B B

o — M (X, —— N (X,
M (X,y)

IS independent of x

& oMY= S N(y)
N (X,y)

¥ 1% Modified Exact Equation Method % f# (& 2-4-5)

IS Independent of y

99



100

2-4-2 3 AR iR

* Review the concept of partial differentiation

df (X, y) =%de+%dy

o Specially, when f(x, y) = ¢ where ¢ is some constant,

ﬂdx+ﬂdy =0
OX oy
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df (x,y.2) = L dx+ T ay+ T az

OX oy oz
OF (%, Xy s X3 %) = T, + T dix, + T dx, 4o O dix,
OX, OX, OX, OX,,
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[Definition 2.4.1] We can express any 15t order DE as

M (x,y)dx+ N (x,y)dy =0

o |f there exists some function f(x, y) that satisfies

Gf(a))((,Y):M(X’y) and @c—(ai;—X)ZN(X’y) 1

then we call the 1t order DE the exact equation.

eThe method for checking whether the DE is an exact equation:

OM (X,Y) _ON (X,y)
oy OX

(Proof): If T0Y) _m (x,y) and TV _n(x,y),

dy
oM (x,y) o o _ON(x,y)
then oy 8y ox V)= ox
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For the exact equation,

M (X,y)dx+ N(x,y)dy =0

of (% Y) g OF(Xy) o
dx + dy =0
OX l oy

vy A df(xy)=0,

"

f(x,y)=c



2-4-3 %% 104
The method for solving the exact equation (A):

of (X’y)zM(x,y) of (X’y)zN(x,y)

= (2) o
(1) / [@

f(xy)=[M(xy)d % g(y)=c ﬂzfzjm(x,'y)d % g'(y)=N(xy)

g(y) is a constant|for x 12)
1) 9'(y)= N(X,y)—g,f'\/' (x,y)d :
M (x y)dx+g(y)=c @)
further J(4) g(y)=[g'(y)dy
computation

Solution
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OM (x,y) _ON(Xx,y)

Previous Step: Check whether 720 > | Is satisfied.

Step 1: Solve <f %’)‘(’y)z M(x,y) — f(xy)=[M(x,y)dx+g(y)
oo e of (X,Vy o

Step 2: #-f(x,y) # » (ay JaNxy) RS g(y)

Step 3: Substitute g(y) into
f (x,y)z_fl\/l (x,y)d xg(y)=c

Step 4: Further computation and obtain the solution

Extra Steps: (a) Consider the initial value problem



The method for solving the exact equation (B):

of (x,y)

OX =M (xy)

(@ (2)
af:ajN(x,y)d yh'(X) =M (x,Y)
OX OX

|2
h'(x)= M (x, y)—;(IN (x,y)d

1(2)

h(x):_fh’(x)dx

106

of (x,y) _

ay

=N (X,Yy)

|0

f(x,y):IN(x,y)d y-h(x)=c

(3)

h(x) Is a constant fory

IN (x,y)gly+h(x)=c

(4)

Solution

further
computation
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Example 1 (text page 65)
2xydx + (x> —1)dy =0

e N

M (X, y)=2xy N (x,y)=x*—1----» Step 0: check whether it is exact

l l oM oN
af:2xy LELIPRNE S — = 2X=

OX oy oy ox
Step1] Stp2" lStep 2
FOaY)=xy+9(y) P e ygi(y)=x* 1

Y | Step 2
Step 3" o g,(é) _ 91
xy—y=c P | 'Step 2

Step 4, g(y)=-y  RE:EEFHE G T
y =c/(x* 1) 1 % Example 1?
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Example 2 (text page 65)

(e?Y — ycos xy)dx + (2xe*Y —xcosxy +2y)dy =0

~
(@)
N
e
rI
2
]
X
@D
N
<
|
2,
-]
X
<
_|_
<
N
+
@)
I
o
v
=
=2
=
=
W
=4
(-
=
o
>

e f(xy)=[N(xy)d yh(x)



Example 3 (text page 66) 109

dy _ xy* —cosxsinx y(0)=2
dx y(1—x?)

A% iR
(a) initial value problem,
(o) P pE* F(xy)=[M(x,y)d %g(y)

P H f(x,y):IN(x,y)d y-h(x)
(c) # & «vimplicit solution % y*(1—x*)—cos®*x=3, & : x € (-1, 1)

3+ cos? X

@ explicit solution = y=\/ 1wz |+ F xe(-1,1)

v 3+ cos” X v
& 7 y=—\/ {2 1} =&Y




2-4-5 Modified Exact Equation Method

Technique: Use the integrating factor u(x, y) to convert the 15t order
DE into the exact equation.

M (X,y)dx+ N (x,y)dy =0
(X Y)IM (X, y)d % (X, y)N(x,y)d y=0

such that S#OSYIM (X,y) _ Op(X, y)N (X, Y)
oy OX

uM + M= N+ N,
/leN _lLlyM :(My T Nx)ﬂ

It is hard to find L.
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N —pu M =M, —N,)u

(1) When [((M, —N,)/M] is a function of y alone:

—=> \We can set © to be dependent on y alone.

Therefore,
—u,M =M, —N,)u
du N,—M,

dy M

)7,

* separable variable =77 ;=

N, — M
d; _ XM y dy
(Ny—My)
,u(y)zej M dy

111



N —pu M =M —N )u 112

(2) When (M, —N,)/N] is a function of x alone:

==> \\Me can set x to be dependent on x alone.
Therefore,

N =M —N )u
du M, —N,
dx N

* separable variable =77 ;2

y7,

du N,—M,
y7, M

dy

J‘(My;Nx)dX

u(x)y=e




W & 2-4-3 (pages 103~105) «rf# i i AR £ v — B9 2 ¢ 9

Step O: Case 1 e
Y€, yse the process of 2-4-3 Cace 9 (‘] 5 % 4r)
Whether Yes | Ny
My =N, Whether >~ N u(y)=e
> M — M, —N,
No |is independent of X | No | YWhether

IS independent of y

In Cases 2 and 3, Yes Case3 jmono,
M (x,y)dx+ N(x,y)dy =0 ru(x)=e N

No Case4
Use other methods

Using the process of 2-4-3, but M(X, y) should be modified as tM(X, Y)

LM (X, y)dx+ 4N (x,y)dy =0

N(x, y) should be modified as uN(X, y)



Example 4 (text page 67)

xydx +(2x* +3y®* —20)dy =0

N
Step 0: m {A N =2x?+3y?—20
My « = X—4X =—-3X
My_Nx A/—3X I\/Iy—_l\lx
N - 2x2+3y?2-20 M
J%yl
u(y)=ev =

114

(independent of x)
(Case 2)

Q. =®PcCcMuz

3

=y + 7 % ek 7

xy*dx + (2x°y® +3y° —20y3)dy =0

double N |

Steps 1~4: 1x2y4 + y® —5y* =c

2 2
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(1) & A& 3 2 pF > & L4 DE e 40T 7] i

I8 B M(xy)dx+N(x,y)dy =0
S F(xy)=M(xy), S oY) =N(xy)
@)% xmz o9y £ ¥ 8 #yma7 > h(x) LB ¥k
(3) & &

& 1
&_¥ &t 3 singular point F &
pi

N

> % singular solution =37 3% >

a

N\

e
(4) # 3 = B2 83 > = fE 2 sintegrating factor (]« 3 4)
T RE R AR
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2-5 Solutions by Substitutions

3 i AR

Question: & 3 # > ¢ 1torder DE s ;2 * Sections 2-2~2-4 ¢ 2
k%

A~ o STt T m«ﬁ’)’ﬁﬁ*z‘- -i,"%!:':
*ATER U KPRy

$op T F



[HEN

2-5-1 ¥ sxf%;2 1. Homogeneous Equations

If g(tx, ty) = t*g(X, y),

then g(x, y) is a homogeneous function of degree a.

Which one is homogeneous?

g(x, y) = x> +y3

gx, y) =x7+y° +1
A E ¢ #kA7 > homogeneous 3 = f& € &

- #& &_Section 2-3 ehE & (¥ *)
- I A TR

R EREL

17



B For a 1st order DE: 118

M (x,y)dx+ N (x,y)dy =0

If M(X, y) and N(X, y) are homogeneous functions of the same degree,

then the 1%t order DE is homogeneous. )
3% 0] 0E 12

It can by solved by setting

Y = XU, dy = udx + xdu,

and use the separable value method.
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If M (X, y)dx+N(x,y)dy=0 jshomogeneous

M (tx, ty) =t"M (X, y) N (tx,ty) =t“N (X, y)
Mt=1/x 7
M(X,y)=x*M(1,u) N(xy)=x*N(1,u)

then

where u = y/x, y =xu

dy = udx + xdu

XM (Lu)dx + x*N (1L,u) (udx + xdu) =0
[M (L, u)+uN (L, u)]ldx+ xN (L, u)du =0

dx N (1,u)du
x M (Lu)+uN(Lu) (separable)




Procedure for solving the homogeneous 15t order DE

Previous Step: Conclude whether the DE is homogeneous

(- 2| %72 5 powers (4 #c) 2 §r)
Step 1: Sety = ux, dy= udx + xdu

i i i
Step 2: Convert into the separable 1% order DE

Step 3: Solve the separable 15t order DE (* Sec. 2-2 ¢ &
Step 4: Substitute u = y/x (%] % 7 i& 1 4 2¥)

120



Example 1 (text page 71) 121

(x* + y?)dx +(x* —xy)dy =0
v v

Previous Step:
M(x, y) N, y) Conclude whether the
M(tx, ty) = tZM(X! y) N(tx ty) = tZN(X’ y) DE is hOmogeneous
homogeneous DE
Step 1: Sety =ux, dy= udx + xdu
B 3¢

(x* +u?x?)dx +(x* —ux?) (udx + xdu) = 0

QA+u?)dx+(1—u)(udx+ xdu) =0

1+u X

Step 2: Convert into the separable 15t order DE

1—u dx
(1+u)dx+(1—u)xdu=0—>[ }du+=0




[1_u]du+dxzo 122
| Step 3: Solve the separable 15t order DE

_[[—1+ 2 Jdu+ %zo
1+u X

—u+2Inl+u|+In|x|+c, =0

:

IN[|L+u)|*|x]=u—cg

A+u)?|x|=e"™
|
(1+u)?x =c,e" (c, =+e™)
Step 4 % u=y/X l

L+ y/x)’x =c,e’*—— |[(X+y)* =c,xe

y/x
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2-5-2 FFsxf%;x 2. Bernoulli’s Equations

[ =% )] Bernoulli’s equation:

dy
P = f ;
o TPy =1(x)y

dy _ 1 599 | and the method of solving
dx 1—n dx
~

We can set |u =yt ,

the 15t order linear DEto solve the Bernoulli’s equation.

g
dy dydu du*"du_ 1 " du

1-n

dx dudx du dx 1—n dx
(Chain rule)
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Procedure for solving the Bernoulli’s equation

Previous Step : Conclude whether the DE is a Bernoulli’s equation

_ 1] dy_ 1 du
Step 1: Set ly=u'"|, [gx "1-n dx

Step 2: Convert the Bernoulli’s equation into the 1st order linear DE

Step 3: Solve the 1st order linear DE (use the method in Sec. 2-3)
Step 4: Substitute u =y (%] % 7))




Example 2 (text page 77)

xdy+y_x y?

dx
I

Previous Step: #| %7 (Bernoulli n.=.2)
o A To U2 du

Step L:setu =yt (y=u") dx

du dx dx
(Chain rule)
Step 2: Convert into the 15t order linear DE (standard form)
L, du 1 E du 1
J 38— —Xu —+u = x°u —>&—;U=—X
Step 3: Obtain the solutlon of the 15t order DE

U =—Xx>+cx

Stepd: v u=yl|ly=

125



2-5-3 kR 3

If the 15t order DE has the form,

dy _ f (AX+ By+C) (B=0)

dx
(ﬁq:/‘z. ml‘fl—* ;")
we can set/u = Ax + By + C| to solve It.
dy _1du_A
dx Bdx B

Since

/

du = Adx + Bdy

(T3 F » FRAF 3T

126



127

Procedure for solving < = f (Ax+By+C)

Previous Step: Conclude

dy 1du A

d«x Bdx B
Step 2: Converting (8 it = * # & = 2 ¥ 12 2 3 Kk eH DE
4 % — 7§ 4 & separable variable DE)

Step 1: Set|u = Ax+By +C | | du= Adx + Bdy

Step 3: Solving
Step 4: Substitute u=Ax+By+c (B 7))




Example 3 (text page 77) 128

dy 2
—F = (=2 —7/ y(0)=0
g~ (T2XTY) |

Previous Step: | %7

Step 1: Set lu=—-2x+y | |du=—-2dx+dy ﬂ:diuq_z
dx dx
Step 2: Converting
‘ du
},‘%ZJ‘(\‘_’ (:jl::—i—zzuz_?—»uz_g:dx

Step 3: Obtain the solution (%] & 7 %38 5 427 » % u=AxX+ By)
iy 2 du % o2
/-:I- RN -.‘uz_g m"lE‘,T (=

Step4: v u=Ax+ By +C

3(1—e®)
1+ e®*

Yy =2X+
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2-5-4 *HFRIRF o

\%ﬁ

(D) ™%, L2 DE F &P AFEE » Ll g

= % kfz (g;,, DE ¥ m % & i 0 _F eh E % f2)

Q=7 BhERERE LR U yx Y, & AX+By+C
RN

@) r&> 2 G I A HB

Previous Step: %7 % i+ f- = &
Step 1. Setu=..., du/dx = ...
Step 2: Converting -

Step 3: Solving >

Step4: #-u* x,y v K

a

(59



%32 : Methods of solving the 15t order DE

(1) Direct computation

2/~ e .
[ESEEI

dy
= f
g = ()

(2) Separable variable

/
z
5%

4 2
f-l-

20 Yo g()h(y)

(3) Linear DE

: giz—P(x)y+ f (%)

(4) Exact equation
5 Q — M (X’ y)

< 1=
% 1 .

dx N (X,Yy)

OM (x,y) ON(X,y)
oy X

130

BfEiz L L RpFA
BB XY Ao B
g sy o

A e—IP(x)dxjeIP(x)dx f (X)dX N Ce—_[P(x)dx

A f%;% : double N method

of ‘ ‘
L o =My) (& F &%)
A T oN(xy)




(4-1) Exact equation % 3|
flf{f;” :dy:_M(X1y)
‘ dx N (X, y)

(M, —N,)/M Independent of x
(4-2) Exact equation % 7|

: ﬂ:_l\/l(x,y)
dx N(X,y)

(M, —N_)/N Independent of y

2 2 e
E it

(5) Homogeneous equation

EiE dy _M (%)
4 dx N (X,Yy)

M (tx, ty) =t“"M (X, y)
N (tx,ty) =t*N (X, y)

[ONMy) g 131

BfEiE o u(y)=e M
dy  u(y)M(xy) .
dx 2(Y)N (% y) IS exact
J'('V'y—Nx)dX
Bfgix tou(x)=e N
dy _ u#(x)M(x,y) .

~

iR tu=ylX, (y=xu)
dy = udx + xdu

£ * separable variable method



(6) Bernoulli’s Equation

oL dy:_P(x)y+ F(x)y"

]"l‘: =
/ dx

(7) Ax + By + C

e A f (Ax+By+C)

= dx

A r (@) & R AR

BLfzE L ou=yln
dy 1 s,du

dx:1—n dx

£ * linear DE =7 ;2

BLj2iz2  U=Ax+By+c
dy _1du_A

dx Bdx B

(b) Exercises in Review 2 % 3 ¥

(c) i3 4+ > BL% singular solution f= singular point

132
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K
Sec. 2-4: 3, 13, 17, 25, 29, 32, 35, 38
Sec. 2-5: 3,5, 14, 17, 20, 22, 24, 25, 29
Chap. 2 Review: 2,5, 8,9, 10, 11, 14, 15, 16, 19
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