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'téx— Methods of Solving the First Order Differential Equation

graphic method
numerical method
I analytic method —]

series solution

transform

direct integration
separable variable

method for linear equation
method for exact equation
homogeneous equation method
Bernoulli’s equation method
method for AXx + By + ¢
Laplace transform

Fourier series
Fourier cosine series
Fourier sine series

Fourier transform

29



Simplest method for solving the 15t order DE:

Direct Integration

dy(x)/dx = f(x)

y(x)= | f(x)dx where 9F ()
—F(X)+cC L_dXx

= T(X)




Table of Integration

1/x Injx| + ¢
cos(x) sin(x) + ¢
sin(x) —C0s(X) + ¢
tan(x) Injsec(x)| + ¢
cot(x) Injsin(x)| + ¢
ax a*/In(a) + ¢
2 - 2 LiantX ¢
X" +a a a
1 -1 X
- = SIn "—+C
Ja? — x? a
eax [ 1]
X eaX X—— [+ C
a a
X2 @aX eax[ Z_Q 2j+c
a a a’
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2-2 Separable Variables .

2-2-1 3 & e’ ax 2

15t order DE s— 457 #k : dy(x)/dx = f(x, y)

[Definition 2.2.1] (text page 45)
If dy(x)/dx = f(x, y) and f(x, y) can be separate as

f(x, y) = g(x)h(y)

1.e., dy(x)/dx =g(x)h(y)
then the 15t order DE is separable (or have separable variable).




N
I+

- dy(x)/dx = g(x)h(y)

dy

dx

dy=x+y

dx

= cos(x)e**?Y

33



2-2-2 fAik
It Y =g0oney) , then
Step 1 hca’/) zlg(x)dx 2 S
p(y)dylz g (x)dx where | p(y) = 1/h(y)
Step2 | p(y)dsl/ = [g0gdx = fE A
P(y)s c = Glx) + c, where :d'z;y) = p(y) dc;)((x) — g(x)

!

P(y)=G(xX)+c

Extra Step: (a) Initial conditions

(b) Check the singular solution (i.e., the constant solution)

34



Extra Step (b) Check the singular solution:

Suppose that y Is a constant r

= g(on)
X
0= g(x)h(r)

h(r)=0

l

solution for r

See whether the solution is a special case of the general solution.

35
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2-2-3 Examples
Example 1 (text page 46)

Extra Step (b)

(L+x)dy-ydx=0~——_  dy_ check the singular
| ax 1% solution
Step1 dy ! dx
Y “1ix sety=r,
| 0 = r/(1+x)
Step 2 Inly|=Inl+ x|+c,
r=0,
‘y‘ _ eln\lﬁux\ecl — >y = iecleln\1+x\ y — O

(a special case of the

y =+e% |1+ x| =+e* 1+ x) :
general solution)

y =c(1+ Xx) Cc==+e"




Example 3% -] $ 79
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Example 2 (with initial condition and implicit solution, text page 46)

dy __x
dx AR y(4):_3

! \ Extra Step (b)
Stepl ydy =—xdx :

| check the singular solution
Step2 y*/2=-x*/2+c

\ Extra Step (a)

45_—8+c c=125

x*+y 25 (implicit solution)

l

V25-x*  jpvalid
y =—V25—x? valid

(explicit solution)




Example 3 (with singular solution, text page 47) 39

ax Y 4 Extra Step (b)
dy | check the singular solution
Stepl y2_g_ dy _ 24
l dx
sety=r,
4 y—-2 4y+2 0=r2-4
Step 2
r=42,
Linly -2~ tinjy+2/=x+c,
4 4 _
2 l Y= 2
In|Y—< = 4x + 4c,
y+ l J/
4 x
y;z — ie4x+4ol _ Ce4x —_— y = 21+Ce4x or y — iz
y+2 1—ce

c = +e*a



Example 4 (text page 47)

1R drfmt E J-S|n(2x) dx
COS X

[ ye >dy

40



Example in the bottom of page 48 41

dy _ xy's  y(0)=0

dx |
Step 1 i,
l Extra Step (b)
Step 2 . :
Check the singular solution
|

Extra Step (a)

Solution: |y = ;& x* or [y=0 B o By { % af#




dy 1/2
—Z =X ’
dx y

y(0)=0

solutions: (1) y:%x4 2) y=0

3) y=+

(x*=b?)"  for x<b
forb<x<a

(xz—az)2 for x> a



2-2-4 IVP §.% % vi— f2 ?

d
= T(xy) Y (%)= Yo

i B R ARG rE— fReavik i 0 (Theorem 1.2.1, text page 15)
4o % f(X,y), g/ f(Xy) X=Xy, Y=Y, ¥ > 5 continuous

Al 235 - B ho @@ IVP e xg~h<x<xy+he%® fF§ *
§ i 2

43



2-2-5 Solutions Defined by Integral

(1) ;X g (t)dt=g(x)

(2) If dy/dx = g(x) and y(X,) = Yo, then

y(x)=Y,+ [ g(t)dt

## %~ (integral, antiderivative) i1 2+ 5 < function >

i T E_nonelementary

2

v 7, sinx®

S SOIUtlonﬁ}ﬁ E R y(x) = y0+J' g(t)dt 7] i

44



— = y 3)=5
Example 5 dx (3)
Solution y(x)=5+LXe‘t2dt
£ 3,5 ¥ 114 5 = complementary error function

y(x)=5+ %(erfc(B) —erfc(x))

45



e error function (useful in probability)

erf (x) j e dt

e complementary error function

erfc(x \/_j e™dt =1—erf(x)

See text page 59 in Section 2.3

46



2-2-6 A& & LY ey 3

(1) 3’5 Y IFRBBLE SN OfA

(2) &% 4 C

FEREFRFRT T LE E T
(3) F PR v3F » w7 34 singular solution
MY o A PE R R
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k= BRA S AREE

http://integrals.wolfram.com/index.jsp

%»&g%,%pugmfg'“%

ii‘*lj Integrals.wolfram.com/index.jsp iz # 4 =t
(b) &+ 2 iz ¢ %ngtég\ Gl e

Wolfram Mathematica
ONLINE INTEGRATOR

g 5\ The world’s only full-power integration solver

HOW TO ENTER INPUT | RANDOM EXAMPLE

cos( ax}+b>

-

ax

48
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(c) # F & “Compute Online with Mathematica” 49

BT LB A g %

Wolfram Mathematica
ONLINE INTEGRATOR

The world’s only full-power integration solver

;fp; \ HOW TO ENTER INPUT | RANDOM EXAMPLE
|cns{ax}+b dx
[l 7] T . F= 4

Traditional Foarm | Input Form | OQutput Form

-

fb +cosiax)d x =

sinia x)
_|_

~

Time to compute: < 0,01 second


http://ocw.aca.ntu.edu.tw/ntu-ocw/index.php/ocw/copyright_declaration�

(d) 7 FF > - E@RAFfen@icF ;4 > T3R5 3% g ;r;;?

g TR B AR

Wolfram Mathematica
OMNLINE INTEGRATOR

The world’s only full-power integration solver

HCOW To ENTER INPUT | RANDOM EXAMPLE

[ lemcaxra)iiy M7 W8 ax

L _

Time to compute: < 0,01 second

erf(x): Erf[x]: error function [@

%;'
ik
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H s 5 * e

http://mathworld.wolfram.com/

ks > 2z 3B {e LR A Ly f et
http://www.sosmath.com/tables/tables.html

B 5 # 5 ;% eamathematical table (7 33> jic 4 = #7)
http://www.seminaire-sherbrooke.gc.ca/math/Pierre/Tables.pdf

¥ 7 #icE ;N v mathematical table » # 3= convolution, Fourier
transform, Laplace transform, Z transform

g E @ - Maple, Mathematica, Matlab % § #&c#t » % % 439 7
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2-3 Linear Equations
“friendly” form of DEs

2-3-1 = ;& thig * i 1

[Definition 2.3.1] The first-order DE is a linear equation if it has
the following form:

2 (X) 2+ 2, (X)y = 9 (%)

g(x) = 0: homogeneous
g(x) # 0: nonhomogeneous

52



Standard form: &+ P(x)y=f(x)

3, (X)~+a(X)y=9(x) — =+

F L pARE IR o % ¥ U4 ot = linear first order DE

53



2-3-2 &% crfn

Y L P(x)y=f(x)

Z
TRl - B A2
dy, _ dy, () _
dx+P(X)yC_O e +P(x)y,(x)= f (x)
Find the general solution y.(x) Find any solution y,(x)
(homogeneous solution) (particular solution)

\ Solution of the DE /

Y(X) =Y. (X)+y,(X)

o4



55
ey, +Y,Is asolution of the linear first order DE, since

d(y.+Y,)
dx

(Yoo, )+ G POy,

X X
=0+ f(x)= f (x)
e Any solution of the linear first order DE should have the formy, +y, .

+P(x)(Y.+Y,)

The proof is as follows. If y is a solution of the DE, then
Y P(x)y—[ddy; " P(x)ypjz F(x)— f(x)=0

X

d(y—vY,) B
- +P(x)(y—-y,)=0

Thus, y -y, should be the solution of Oc?:f+ P(x)y. =0

y should have the form ofy =y +y,



Solving the homogeneous solution y(x) (& ¥ 48— )

dy
cC+P(Xx =0
dx+ () ye

lseparable variable

dy
—<¢ =—P(x)dx
Ye 09

b

Inyczj‘—P(x)dx+c1

l

_ Ce—jp(x)dx

Ye

—jP(x)dx

Set y, =e . then y. =cy,



Solving the particular solution y,(x) (+ ¥ 38 = )

d
ydp)EX)JrP(x)yp(x): F(x)

Set yp(x) = u(x) y,(x) (3] particular solution §= homogeneous
solution 7 g i mfﬁé %)

1) P 1y, 00 H22 1 P () U0, 09 = £ (%)

l
d d
.00 248 uo| DA P (0,0 | = £ ()

l

du(x)

equal to zero

= f(x)

Yy, (X)

“
r

X)dx —— u(x) = j-r(x)cb«——+ Y (X) =¥

Aue9 = v, (%)

¥4



Ye =

jP(x)dx

Yy (X)

IP(x)de‘[ jP(x)dx £ (x)]dx

N

solution of the linear 1t order DE:

y(x)=ce

—jp(x)dx {

e—IP(x)dXJ'[eIP(x)dx £ (x)]dx

where c is any constant

ejp(x)dx

. Integrating factor

58



2-3-3 f&i2

59

(Step 1) Obtain the standard form and find P(x)
(Step 2) Calculate ej P{x)dx

(Step 3) The standard form of the linear 15 order DE can be rewritten as:

d [ [Ped } [POdx
—l e = N <
dx[ y ( )

(Step 4) Integrate both sides of the above equation

eIP(x)dxy:.“eIP(x)dxf (X)dX—I—C,

y = e-J’P(x)de-eJ'P(x)dx £ (X)dx_l_ce—_[P(x)dx

(Extra Step) (a) Initial value
(c) Check the Singular Point

----- remember it

. or remember it,
skip Step 3



dy dy 60
7 = —+P = f
a(x) tax)y=9(x)  +P(X)y="1(x)
Singular points: the locations where a,(x) = 0
l.e., P(X) > o

More generally, even if a,(x) # 0 but P(x) — oo or f(x) — oo, then
the location is also treated as a singular point.

(a) Sometimes, the solution may not be defined on the interval
Including the singular points. (such as Example 4)

(b) Sometimes the solution can be defined at the singular points,
such as Example 3



61
More generally, even if a,(x) # 0 but P(x) — oo or f(x) — oo, then the

location is also treated as a singular point.

Exercise 29

(x+1)@+yzlnjx[
dx



2-3-4 G|+

62

Example 2 (text page 55)

dy
~Y _3y=6
dx y

'
Stepl P(x)=-3

!
Step 2 JPooe _ ¢

l

d —3X
Step3 . [e™V]

Step4 ey =-—2e

|

\ Extra Step (c)

check the singular point

—3X

EGIR N =P

_ e —3X+C ?g? it == —=3x?

X 4c BE o Step3 o B R o

y — e—IP(x)deejP(x)dx f (X)dX N Ce—_[P(x)dx

y = —2+ce*




Example 3 (text page 56)

x3§—4y= x°%e*
| \ Extra Step (c)
dy Y _ _s.x __4 check the singular point
Stepl 4 —4, =%x¢" PO)=— i
Step 2 ejP(x)dx _ e A _ ;x\“‘l
ER x>0, JJres . L 1 X<0 A

'
d —4 X
Step 3 dx[x y]=xe

Step4d x‘'y=(x—-De*+c
y = (x> —x*)e* +cx*

X rﬂ%@%} (0, o)




Example 4 (text page 57)

e

[

X

X
-9

(x2—9)3§+xy=0

dy X

=0
dx+ X2 —9y
P(x)=

l

dx 1In‘x2 —9‘
2 _

x? —9

=e = /| X° —

64

\ Extra Step (c)

check the singular point

defined for x e (—o, =3), (-3, 3), (3, )

not includes the points of x = -3, 3




Example 6 (text, page 58) 65

dy 1 0<x<1
2 4+ y=f(x 0)=0 f =37
dx Y (%) y(0) (%) {O, x>1
eIP(x)dx:eX l
C‘:'X(exy) —e* f (X) check the singular point
osxsll/ El
d d  «
—_— X — X — (e :O
4 6 yi e ax ¢ ly)
e*y=e"+c¢c, exylz C,
y=1+ce™” y=c,e”

l B RyX) ex=1 = >

from |n|t|allcond|t|on % continuous

X

y=1-¢e " y=(e—De"




2-3-5 Li@frE K

(1) transient term, stable term

Example 5 (text page 58) %

5e™" : transient term &

10

X —1: stable term

8}

6|

X {4 P g 4

y=x-1+5e"

X

N

x—1

L

//

ex-axis 1°

66
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(2) piecewise continuous

A function g(x) is piecewise continuous in the region of [X, X,] If
g'(x) exists for any x e [Xy, X,].

In Example 6, f(x) Is piecewise continuous in the region of [0, 1)
or (1, )
(3) Integral (4% »°) 7 p&* #ﬁtﬁ; T antiderivative

(4) error function erf (x je‘t dt

complementary error function erfc(x “dt=1-erf(x)

=Gl

67



(5) sine integral function
xsin(t)

Si(x):J‘O t

Fresnel integral function

dt

S(x)= | 'sin(zt*/2)dt

©) L+P(x)y=f(x)

f(x) # 4% # T _input & deriving function

Ve

Solution y(x) ¥ # f ¥ output £ response

68



2-3-6 -] B I

dv .
When di is not easy to calculate:

dx
Try to calculate G,

. dy
Example:

1 ;
X X+ y? (not linear, not separable)

dx i
ay Xt y* (linear)

!

x=—y?—2y—2+ce ¥ (Implicit solution)

69



2-3-7 A& R enp 3

(1) & £ #-linear 1%t order DE % = standard form
(2) w] X 7 singular point

/2 & : singular point = Section 2-2 # ¥ 53 singular solution %

(3) e qt = 3

d [Poxdx :| [POxdx
—1] e =e f
.l y (x)

£

y = e—IP(x)dXJ'eIP(x)dx £ (X)dX N Ce—IP(x)dx

(4) - & pF > el PO HIE ¥ 1L FuR

70



)/7 _\ SR Vi
L5 ARqeE 0 LAPED

B _F & : realize + remember it

FE 1 realize it
LA remember it
L O read it without realization and remembrance

BT ¥ . rest ZoZi 2,



Chapter 3 Modeling with First-Order ?

Differential Equations
s * AL

(1) Convert a question into a 1%t order DE.
CERART e T R

(2) Many of the DEs can be solved by
Separable variable method  or
Linear equation method

(with integration table remembrance)



3-1 Linear Models

Growth and Decay (Examples 1~3)
Change the Temperature (Example 4)
Mixtures (Example 5)

Series Circuit (Example 6)
¥ 4% Section 2-3 e07 2 K fE

73



Example 1 (an example of growth and decay, text page 83) 4

Initial: A culture (32 & = ) initially has P, number of bacteria.
3% > A0) =P,
The other initial condition: Att =1 h, the number of bacteria is
measured to be 3P,/2.
¥ —> A(1) =3Py/2
M & . If the rate of growth-is proportional to the number of

bacteria A(t) presented at time t,

dA _
¥ > g N kisaconstant

Question: determine the time necessary for the number of bacteria to
triple #3F — find t such that A(t) = 3P,
AR P P() 2o A(L)



dt

dA
Stepl —, =kdt

|

Step 2 In\A\ = Kkt +c,

‘A‘ — ekt+ol

A=ce“ c==xe*

Extra
Step (a)(1) P, =c-1
(2) 3P, /2 =ce"
A= pe0 0
$H¥HiE- R AR

3 PO — P0e0.4055t

dA _ Al A(Q) =Py, A1) =3P 27 11 % Ak fE D

} T, ExtraStep (b)

check singular solution

c=P,
k=1n(3/2) = 0.4055

 —

t =In(3)/0.4055 ~ 2.71h

75



At linear (Section 2.3) =7 ;= X % Example 1

22

LY L ERrEZ RS R initial values 4 ¥ 2 g

dier— f2 7

76



7
Example 4 (an example of temperature change, text page 85)
Initial: When a cake is removed from an oven, its temperature is measured at
300° F. #:# — T(0) =300
The other initial condition: Three minutes later its temperature is 200 ° F.
¥ > T(3) = 200
question: Suppose that the room temperature is 70° F. How long will it take
for the cake to cool off to 75° F? (3 © 242 Bk A enR? 30 - 1 12 2%)
#8:% — find t such that T(t) = 75.
Vobo RBEE 0 oA - BRRERCY FREERRII FF D
AL > o7 T(E) “r¥ R« DE # 0 g =

T i
At —k(T-70) ks a constant




dar
dt

=k (T —70)

T(0) =300 T(3) =200
A~ * separable variable 97 % f

4oie * linear e 2 K fE 7

77
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Example 5 (an example for mixture, text page 86)

Concentration:
2 Ib/gal

3 gal/min 300 gallons 3 gal/min

A: the amount of salt in the tank

Ccil—? = (input rate of salt) — (output rate of salt)

2 3A
300
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LR series circuit

From Kirchhoff’s second law
di .
L—+Ri=E(t

81
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RC series circuit

q
—+RI=E(t
CJrI (t)

4, RrY_g
c o dt

=H

o

82
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Wy

(OBSO) R

How about an LRC series circuit?

2
9, R, (B9 gy
c' dt dt

83
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Example 6 (text page 88) LR series circuit

e E(t): 12 volt, e inductance: 1/2 henry,

e resistance: 10 ohms, e initial current; O

Tdi
2 dt

+10i =12

l

. 6 _
|a):5+ce”2

i(0)=0

(
v

O=—-+cC
5 .

\ y
4 A

di

6

6

it) = -

5

—20t
e

s+ 20i =24 —--oP(1) = 20>

ejp(t)dt _ @20t
Y= 2 =T /P az
3~E'Z'.:. + Cl F Hp



Circuit problem for t issmall and

For the LR circuit: L R
transient stable

For the RC circuit: R C
transient stable

t—

85



3-2 Nonlinear Models

¥ 1% separable variable g B 5 502 2 k2

3-2-1 Logistic Equation

used for describing the growth of population

dP a
—— =P(a—DbP)=bP(——P
at ( ) (b )

The solution of a logistic equation is called the logistic function.

Two stable conditions: and |p =

a
b




D09 b @0 & © v

Logistic curves for differential initial conditions


http://creativecommons.org/licenses/by-nc-sa/3.0/tw/deed.zh_TW�
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Solving the logistic equation

88

dP
—=P(@—-DbP
at l( )
P sepa_rable
P(a—bP) =dat variable
(1/a+ b/a de:dt
P a—DbP
| q
1 1 —b _[esp(@a—bP) _
aInP—aIna—bP=t+c % ja_bpdp—_f A —bP dP =Infa—bP|+c,
|
P
In _bpzat+ac o N
a | (with initial condition P(0) = P,)
P ¢ ac aP
= c,e° P(t)=——"2—| — P(t)= 0
a_pp o — P bc, +e ™ (t) bP, + (a—bP,)e ™

logistic function



Example 1 (text page 96) There are 1000 students. 89

e Suppose a student carrying a flu virus returns to an isolate college
campus of 1000 students.

P F->x0)=1

e If it IS assumed that the rate at which the virus spreads is proportional
not only to the number x of infected students but also to the number of
students not infected,

et —

d);(tt) — kx (1000 — X)

K IS a constant

e determine the number of infected students after 6 days
F5:% — find x(6)

e if it is further observed that after 4 days x(4) = 50



B R ALt
d’;(tt) = kx(1000—x) Initial: x(0) = 1, x(4) =50

find x(6)
¥ 1% geparable variable 37 2



ax(t) _ kx (1000 — x)
dt !
d v
XY _
X (1000 — x)

v
dx

1 (dx+ jzkdt
1000\ x ;1000 x
v

dx B dx
X X —1000

=1000kdt

v |
In|x| —In|x —1000| = 1000kt +c, !

X _ l000Kt+c,
X —1000
X v . 1000kt Cl"
x —1000 2 (c, =+e™)

:__> (Czeloooktl_l)x — Czloooeloookt 91
: v
% — 1000 (c = Cz_l)
1 — ce—1000kt
; x(0)=1
1— 1000 .-
1—c
v
c/=—-999
v
1000 _
K= 1 + 99Qe 1000kt /,)((4) =30
eo_ 1000
1+ 999e 000k
i v
/," —1000k = —0.9906
g 000
X = 1 + 99Qe —0-9906t _"*X(6) ~ 276




e

Logistic equation % 2/

(1) C(;Ij:P(a—bP)ih

(2) ?jf= P(a—bP)—cP
(3) (Z,T= P(a—bP)+ce
(4) ?;: P(a—blInP)

—bP(a/b—InP)

>~
7
—=
(g8
&
e
AR|
A NN

A R P
LU

X
AL

92



3-2-2 VB F Rehid B

A+B—>C
« Use compounds A and B to for compound C

e X(t): the amount of C

 To form a unit of C requires s, units of A and s, units of B
e a: the original amount of A

e b: the original amount of B

 The rate of generating C is proportional to the product of the
amount of A and the amount of B
ax(t) _ k(a—sx)(b—s,x)

dt
See Example 2
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94
3-3 Modeling with Systems of DEs

Some Systems are hard to model by one dependent variable

but can be modeled by the 15t order ordinary differential equation
dx(t) _

gr = % (txy)
Cb(/j(tt) =0, (t’ X, y)

They should be solved by the Laplace Transform and other
methods



> from Kirchhoff’s 15t law
I> il(t):iz(t)"'is(t)
from Kirchhoff’s 2nd Jaw
. di .
L, L, (1) E()=iR + L, Izd,gt)+'2Rz

(2) E(t) = iR, + L, (V)

dt
R, Three dependent variable
1 ! We can only simplify it into two
A, B, C, dependent variable

@oce
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from Kirchhoff’s 15t law

L (1) =10, (1) +i5(t)

from Kirchhoff’s 2nd Jaw

diait) i, (DR

_—— < 1) EMm=L
(2) qsc(t)ziz(t)R
1

()1 (O] = RS ()
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Chapter 3: 3" ~ M variation 7 B <R 32 8 = DE st

....... the variation is proportional to..................

97



éﬁ 3 ﬁ3 %E

Section 2-2:
Section 2-3:
Section 3-1:
Section 3-2:
Section 3-3:

Review 3:

4,7,12, 13,18, 21, 25, 28, 32, 46
7.9,13, 15, 21, 27, 29, 47, 49(a), 50(a)
4,5, 10, 15, 20, 29, 32

2.5, 14, 15

12,13

3,4,11, 12
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integrals.wolfram.com
http://integrals.wolfram.com/index.jsp

integrals.wolfram.com
http://integrals.wolfram.com/index.jsp

integrals.wolfram.com
http://integrals.wolfram.com/index.jsp
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